Atomistic spin model simulations are immensely useful in determining temperature dependent magnetic properties, but are known to give the incorrect dependence of the magnetization on temperature compared to experiment owing to their classical origin. We find a single parameter rescaling of thermal fluctuations which gives quantitative agreement of the temperature dependent magnetization between atomistic simulations and experiment for the elemental ferromagnets Ni, Fe , Co and Gd. Reproducing the sub-picosecond magnetization dynamics of Ni under the action of a laser pulse we also find quantitative agreement with experiment in the ultrafast regime. This discovery enables the quantitative determination of temperature dependent magnetic properties from first principles allowing for accurate simulations of magnetic materials at all temperatures.
Atomistic spin model simulations are immensely useful in determining temperature dependent magnetic properties, but are known to give the incorrect dependence of the magnetization on temperature compared to experiment owing to their classical origin. We find a single parameter rescaling of thermal fluctuations which gives quantitative agreement of the temperature dependent magnetization between atomistic simulations and experiment for the elemental ferromagnets Ni, Fe , Co and Gd. Reproducing the sub-picosecond magnetization dynamics of Ni under the action of a laser pulse we also find quantitative agreement with experiment in the ultrafast regime. This discovery enables the quantitative determination of temperature dependent magnetic properties from first principles allowing for accurate simulations of magnetic materials at all temperatures. Magnetic materials are used in a wide range of technologies with applications in power generation [1] , data storage [2, 3] , data processing [4] , and cancer therapy [5] . All of these magnetic technologies operate at a wide range of temperatures, where microscopic thermal fluctuations determine the thermodynamics of the macroscopic magnetic properties. Recently thermal fluctuations in the magnetization have been shown to drive not only a number of phenomena of great fundamental interest, for example ultrafast demagnetization [6] , thermally induced magnetic switching [7, 8] , spin caloritronics [9] but also next generation technologies such as heat assisted magnetic recording [10] and thermally assisted magnetic random access memory [11] . Design requirements for magnetic devices typically require complex combinations of sample geometry, tuned material properties and dynamic behavior to optimize their performance. Understanding the complex interaction of these physical effects often requires numerical simulations such as provided by micromagnetics [12] [13] [14] or atomistic spin models [15] . Micromagnetic simulations at elevated temperatures [16, 17] in addition need the temperature dependence of the main parameters [18] such as the magnetization, micromagnetic exchange [19] and effective anisotropy [20] . Although analytical approximations for these parameters exist, atomistic simulations using a multiscale approach [18, 21] have been shown to more accurately determine them.
With atomistic simulations the disparity between the simulated and experimental temperature dependent magnetization curves arises due to the classical nature of the atomistic spin model [22] . At the macroscopic level the temperature dependent magnetization is well fitted by the phenomenological equation proposed by Kuz'min [22] . However, the Kuz'min equation merely describes the form of the curve with little relation to the microscopic interactions within the material which determine fundamental properties such as the Curie temperature. Ideally one would perform 3D quantum Monte Carlo simulations [23] with ab-initio parameterization. Although this is possible for a small number of atoms, for larger ensembles the multiscale approach using atomistic models parameterized with ab-initio information remains the only feasible way to connect the quantum and thermodynamic worlds. At the same time there is a pressing need to match parameters determined from the multiscale model to experiment to understand complex temperature dependent phenomena and magnetization dynamics. Atomistic models also provide a natural way to model non-equilibrium temperature effects such as ultrafast laser-induced magnetization dynamics [6] [7] [8] or quasiequilibrium properties such as the Spin-Seebeck effect created by temperature gradients [9, 24] . However quantitive agreement with experiment has so far been elusive due to the classical nature of the model.
In this letter we present a single parameter rescaling of thermal fluctuations within the classical Heisenberg model which correctly describes the equilibrium magnetization at all temperatures. Since temperature dependent magnetic properties arise due to fluctuations of the magnetization, this can be used in turn to calculate all temperature dependent properties. Furthermore we show that this rescaling is capable of quantitatively describing ultrafast magnetization dynamics in Ni. The quantitative agreement of the magnetic properties between theory and experiment enables the next generation of computer models of magnetic materials accurate for all temperatures and marks a fundamental step forward in magnetic materials design.
We first consider the physics behind the form of M(T ). Atomistic spin dynamics (ASD) considers localized classical atomic spins S i = µ s s i where µ s is the magnetic moment, i.e the spin operator S i at each lattice site takes unrestricted values on the unit sphere surface |s i | = 1 whereas in the quantum case they are restricted to their particular eigenvalues. However, when calculating the macroscopic thermodynamic properties of a many spin system, as ASD eventually does, this distinction is not apparent since the mean value of S = M(T ) is not restricted to quantized values within the quantum description.
A direct consequence of the distinction between classical and quantum models is manifest in the particular statistical properties of each approach. As is well-known, thermal excitation of the spin waves in ferromagnets leads arXiv:1409.7397v1 [cond-mat.mes-hall] 25 Sep 2014 to a decrease of the macroscopic magnetization M(T ) as temperature increases. [25] In the limit of low temperatures,
where ρ(T ) = (1/N ) ∑ k k k n k k k is the sum over the wave vector k k k of the spin wave occupation number in the first Brillouin zone [26, 27] . The different forms of m(T ) then depend on the specific n k k k used. The occupation number of a spin wave of energy ε k follows the Boltzmann law in reciprocal space, n k k k = k B T /ε k k k , where T is the temperature, k B is the Boltzmann constant. Whilst quantum spin waves follow the Bose-
Given that the spin wave energies ε k k k are the same in both the quantum and classical model the difference in the form of the M(T ) curve comes solely from the different statistics. We can illustrate the difference in the statistics by considering the simplest possible ferromagnet described by a quantum and classical spin Heisenberg Hamiltonian. To do so, we consider the anisotropy and external magnetic fields as small contributions to the Hamiltonian in comparison to the exchange interaction energy. Thus, the energy can be written as
, r r r 0 j = r r r 0 − r r r j with r r r 0 j is the relative position of the z nearest neighbors.
The integral ρ(T ) = (1/N ) ∑ k k k n k k k at low temperatures for both quantum and classical statistics are very-well known results. [26] For the classical statistics
where T c is the Curie temperature and we have used the random-phase approximation (RPA) relation to relate W and T c (J 0 /3 ≈ W k B T c ) [28] (exact for the spherical model [29] ), where
Under the same conditions in the quantum Heisenberg case one obtains the T 3/2 Bloch law,
where s is a slope factor given by
where S is the spin value and ζ (x) the well-known Riemann ζ function, and the RPA relation (3k B T c = J 0 S 2 /W ) has been used. We note that Kuz'min [22] utilized semi-classical linear spin wave theory to determine s, and so use the experimentally measured magnetic moment and avoid to the well known problem of choosing a value of S for the studied metals. Mapping between the classical and quantum m(T ) expressions is done simply by equalizing Eqs. (1) and (2) yielding τ cl = sτ 3/2 q . This expression therefore relates the thermal fluctuations between the classical and quantum Heisenberg models at low temperatures. At higher temperatures more terms are required to describe m(T ) for both approaches, making the simple identification between temperatures cumbersome. At temperatures close to and above T c , β ε k k k → 0 is a small parameter and thus the thermal Bose distribution 1/(exp(β ε k k k ) − 1) ≈ β ε k k k tends to the Boltzmann distribution, thus the effect of the spin quantization is negligible here. For this temperature region, a power law is expected, m(τ) ≈ (1 − τ) β , where β = 1/3 for the Heisenberg model in both cases.
The existence of a simple relation between classical and quantum temperature dependent magnetization at low temperatures leads to the question -does a similar scaling quantitatively describe the behavior of elemental ferromagnets for the whole range of temperatures? Our starting point is to represent the temperature dependent magnetization in the simplest form arising from a straightforward interpolation of the Bloch law [25] and critical behavior [30] given by the Curie-Bloch equation
where α is an empirical constant and β ≈ 1/3 is the critical exponent. We will demonstrate that this simple expression is sufficient to describe the temperature dependent magnetization in elemental ferromagnets with a single fitting parameter α. An alternative to the Curie-Bloch equation was proposed by Kuz'min [22] which has the form
The parameters s and p are taken as fitting parameters, where it was found that p = 5/2 for all ferromagnets except for Fe and s relates to the form of the m(T ) curve and corresponds to the extent that the magnetization follows Bloch's law at low temperatures. In the case of a pure Bloch ferromagnet where p = 3/2 and α = p equations (4) and (5) are identical, demonstrating the same physical origin of these phenomenological equations. While Kuz'min's equation quantitatively describes the form of the magnetization curve, it does not link the macroscopic Curie temperature to microscopic exchange interactions which can be conveniently determined by ab-initio first principles calculations [31] . Exchange interactions calculated from first principles are often long ranged and oscillatory in nature and so analytical determination of the Curie temperature can be done with a number of different standard approaches such as mean-field (MFA) or random phase approximations (RPA), neither of which are particularly accurate due to the approximations involved. A much more successful method is incorporating the microscopic exchange interactions into a multiscale atomistic spin model which has been shown to yield Curie temperatures much closer to experiment [21] . The clear advantage of this approach is the direct linking of electronic scale calculated parameters to macroscopic thermodynamic magnetic properties such as the Curie temperature. What is interesting is that the classical spin fluctuations give the correct T c for a wide range of magnetic materials [21, 31] , suggesting that the particular value of the exchange parameters and the form of the m(T ) curve are largely independent quantities, as suggested by Eq. (3). The difficulty with the classical model is that the form of the curve is intrinsically wrong when compared to experiment.
To determine the classical temperature dependent magnetization for the elemental ferromagnets Co, Fe, Ni and Gd we proceed to simulate them using the classical atomistic spin model. The energetics of the system are described by the classical spin Hamiltonian [15] of the form
where S i and S j are unit vectors describing the direction of the local and nearest neighbor magnetic moments at each atomic site and J i j is the nearest neighbor exchange energy given by [28] 
where γ(W ) gives a correction factor from the MFA and which for RPA γ = 1/W . The numerical calculations have been carried out using the VAMPIRE software package [32] . The simulated system for Co, Ni, Fe and Gd consists of a cube 20 nm 3 in size with periodic boundary conditions applied to remove any surface effects. The equilibrium temperature dependent properties of the system are calculated using the HinzkeNowak Monte Carlo algorithm [15, 33] resulting in the calculated temperature dependent magnetization curves for each element shown in Fig. 1 . The classical spin model simulations yield Curie temperatures with an error of less than 1% compared to the experimentally determined values. The calculated critical exponent in all cases is close to 0.34 as found experimentally for Ni [34] rather than the 1 / 3 normally expected [22] . The simulations confirm the ability of the atomistic spin model to relate microscopic exchange interactions to the macroscopic Curie temperature. However as is evident from the Kuz'min fits to the experimental data (see Fig. 1 ) the form of the magnetization curve is seriously in error. For the rescaling of the simulation results to the experimental data, we therefore map the as-calculated temperature dependent properties to a real temperature T that is equivalent to the experimental measurement temperature. The reduced real temperature τ = T /T c is given by
where α is the scaling exponent from Eq. (4). The physical interpretation of the rescaling is that at low temperatures the allowed spin fluctuations in the classical limit are over estimated and so this corresponds to a higher effective temperature than given in the simulation.
Using this simple temperature rescaling we can now obtain the scaling exponent α by fitting the simulated temperature dependent magnetization to the experimental data. α is determined by a two-step fitting procedure. First Eq. (4) is fitted to the simulated temperature dependent magnetization to obtain T c and β for α = 1. Fixing T c and β , Eq. (4) is then fitted to the experimental data as given by Eq. (5) to obtain α. The final fitted parameters are given in Tab. I. The temperature rescaling is then applied to the simulated temperature dependent magnetization and directly compared to the experimental line, as shown by the corrected simulation data in Fig. 1 . For Co, Ni and Gd the agreement between the rescaled simulation data and the experimental measurement is remarkable given the simplicity of the approach. The fit for Fe is not as good as for the others due to the peculiarity of the experimentally measured magnetization curve, as noted by Kuz'min [22] . However the simple rescaling presented here is accurate to a few percent over the whole temperature range, and if greater accuracy is required then a non-analytic temperature rescaling can be used to give exact agreement with the experimental data.
The ability of direct interpolation of Bloch's Law with critical scaling to describe the temperature dependent magnetization is significant for two reasons. Firstly, it provides a sim- We now proceed to demonstrate the power of the rescaling method by considering magnetization dynamics using a Langevin dynamics approach [15] with temperature rescaling to investigate the laser-induced sub picosecond demagnetization of Ni first observed experimentally by Beaurepaire et al. [6] . The laser pulse is simulated using the two temperature model [35] with parameters obtained for Ni [36] . The simulated magnetization dynamics for the classical and rescaled calculations are shown along with the experimental results in Fig. 2 . As expected the standard classical model shows poor agreement with experiment because of the incorrect m(T ). However, after applying dynamic temperature rescaling quantitative agreement is found between the atomistic model and experiment. This result fully validates our approach by demonstrating the ability to describe both equilibrium and dynamic properties of magnetic materials at all temperatures.
In conclusion, we have performed atomistic spin model simulations of the temperature dependent magnetization of the elemental ferromagnets Ni, Fe, Co and Gd to determine the Curie temperature directly from the microscopic exchange interactions. Using a simple temperature rescaling considering classical and quantum spin wave fluctuations we find quantitative agreement between the simulations and experiment for the temperature dependent magnetization. By rescaling the temperature in this way it is now possible to derive all temperature dependent magnetic properties in quantitative agreement with experiment from a microscopic atomistic model. In addition we have shown the applicability of the approach to modeling ultrafast magnetization dynamics, also in quantitative agreement with experiment. This approach now enables accurate temperature dependent simulations of magnetic materials suitable for a wide range of materials of practical and fundamental interest.
Finally it is interesting to ponder what is the physical origin of the exponent α. From the elements studied herein, there is no correlation between α and the crystallographic structure or the Curie temperature, nor by extension the strength of the interatomic exchange constant. The rescaling is independent of temperature and so the origin must be an intrinsic property of the system with a quantum mechanical origin as suggested by Eq. (3). In the simplistic picture it should relate to the availability of spin states in the vicinity of the ground state, with the fewer available states the more Bloch-like the temperature dependent magnetization will be. However, it would be interesting to apply detailed ab-initio calculations to try and delineate the origin of this effect in simple ferromagnets. 
